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Numerical Analysis of Dusty Hypersonic Viscous
Gas Flow over a Flat Plate

R. Padmapriya¤ and K. P. J. Reddy†

Indian Institute of Science, Bangalore 560 012, India

We present an analysis of dilute gas-particle � ows at hypersonic Mach number in which the � ow parameters are
obtained by solving complete two-dimensional Navier–Stokes equations numerically for a � at-plate geometry. The
conservation equations for both the gas and particle phases have been solved using � nite volume upwind schemes.
Time marching is carried out using the Euler-implicit scheme for the gas phase and the Euler-explicit scheme
for the particle phase. Roe’s � ux-difference-splitting scheme is used for the gas phase, and the Steger–Warming
� ux-vector-splitting scheme is applied for the particle phase. The detailed � ow structures of the gas and particle
phases are given in three distinct regions: the large-slip region near the leading edge, the moderate-slip region, and
the small-slip region far downstream. It is found that the presence of solid particles in the � ow has an appreciable
effect on the � ow� eld parameters. Also the presence of particles enhance the skin friction and heat transfer along
the wall and decreases the boundary-layer thickness compared with the pure-gas case.

Nomenclature
Cd = drag coef� cient of particle
c = local speed of sound
Oc = speed of sound evaluated at Roe-averaged state
d¤

p = particle diameter
E = total energy of the gas phase
e = internal energy of the gas phase
F = column vector of � ux in x direction
F = � ux vector
FN = column vector of inviscid � ux normal

to an interface
Fpx = drag force in the x direction
Fpy = drag force in the y direction
G = column vector of � ux in y direction
H = column vector of the interaction terms
M1 = freestream Mach number
Nu = Nusselt number
Pr = Prandtl number
qx ; qy = heat � ux terms in x and y directions
Rer = relative Reynolds number
Rex = local Reynolds number
Re1 = freestream Reynolds number
S = Sutherlands constant
T = gas temperature
u = gas velocity component in x direction
v = gas velocity component in y direction
¯ = particle loading ratio at freestream
0 = particle material speci� c heat ratio
° = ratio of speci� c heats
¸¤

1 = velocity equilibrium length
¹ = gas viscosity
½ = gas phase density
½m = particle material density
¿T = temperature relaxation time
¿v = velocity relaxation time
¿x x ; ¿x y; ¿yy = shear stress terms

Subscripts

p = particle phase
w = quantities at the wall
1 = freestream quantities
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Superscript

¤ = dimensional quantities

Introduction

M OST of the interplanetaryexplorationsare dominated by the
hypersonic� ight corridors. The reentry aerodynamicsof ve-

hicles � ying at hypersonicMach numbers is an important aspect of
most spacemissions.More often thecompositionof the atmosphere,
which the vehicle has to encounter, consists of not only gas other
than pure air but also dust particles of varying dimensions. Further,
in the case of Martian entry probes using the ablative material for
protection against the severe aerodynamic heating, which occurs
at high � ight velocities, the products of ablation particles are also
present giving rise to a complex � ows. Therefore it calls for a study
of � ows that is more realistic in nature, i.e., two-phase � ows.

Dusty-gas � ows have been studied by a number of authors1¡6 in
thepastbecauseof theirapplicationin rocketnozzle� ow, supersonic
� ight through dust clouds, and in the prediction of erosion damage
caused by dust particles. A complete review of numerical mod-
els of dilute gas-particle � ows has been presented by Crowe.7 Soo,8

Marble,9 andChiu10 have studiedincompressiblelaminarboundary-
layer � ow of dusty � uid over a semi-in� nite � at plate. Because of
the complexity of the problem, Soo has used integral method in his
analysis. Chiu analyzed the dusty-gas � ow using boundary-layer
equationsby neglectingthe particlemomentum equation in the nor-
mal direction. Singleton11 extended Marble’s analysis to the com-
pressible case where the density of the gas phase as well as the
particle phase may change. In the case of two-phaseboundary-layer
� ows, Otterman12 has shown that the standard boundary-layer ap-
proximations are valid for the � uid phase provided that the density
of the particle phase is of the same order as that of the � uid. Wang
and Glass13 investigated the behavior of steady compressible lami-
nar boundary-layer � ows of a dilute dusty gas over a semi-in� nite
� at plate at supersonic Mach number using implicit � nite differ-
ence method. Gas-particle � ow in a solid rocket nozzle is analyzed
by Hwang and Chang14 numerically. Eulerian approach was used
for the gas � ow, whereas the Lagrangian approach was used to de-
termine the velocity, position and temperature of particles. Chang
et al.15 developeda time-dependentnumericalalgorithmfor the two-
� uidmodelusingEuler and thin-layerNavier–Stokesequations.The
algorithmwas applied to investigateJet PropulsionLaboratorynoz-
zle � ow to show performance inef� ciencies arising from the effect
of particles.

Althoughthe literatureon this subject is very rich,most of the the-
oretical work done was based on the approximate forms of Navier–
Stokes equations. Apart from this many of these analyses were re-
stricted to a particular region in the � ow� eld such as the stagnation
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point. These analyses, despite the approximations involved at vari-
ous levels, have given good physical insight into the subject.Never-
theless, owing to the approximations made in these analyses, their
resultswill have limited applications.Often, it is very dif� cult to say
whether the solutions through these analyses are unique,16 unless
a less approximate analysis con� rms it. Moreover, for cases where
� ow separation or a shock-shock or shock-boundary-layer interac-
tion occurs, such an analysis cannot be made. Thus, the present
paper aims at a more accurate study of gas-particle � ows at hyper-
sonic Mach number by solving complete two-dimensional Navier–
Stokes (N–S) equations coupled with particle-phase equations nu-
merically.

Governing Equations
In this analysis the gas-particle mixture is assumed as a dilute

two-phase system where the volume fraction of the particles is ne-
glected. Also, we have ignored the radiative heat transfer, chemical
reactions, coagulations, phase change, and deposition in the sys-
tem of equations presented here. The gas phase is a perfect gas,
and the particle phase is treated as a continuum consisting of small
solid particlesof uniformsize. The particleshave a constantspeci� c
heat, and the internal temperature of the particles is uniform. The
particles have no individual random motion, mutual collisions, and
other interactions among them. Only the process of drag and heat
transfer couple the particles with the gas. The drag coef� cient and
the Nusselt number for a single sphere in a viscous� ow are assumed
valid for the particle cloud.

With the preceding assumptions the nondimensional N–S equa-
tionsgoverningthe dusty-gas� ow can be written in the conservative
form17 as
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Here, the � ow parameters are nondimensionalizedwith respect to
the freestreamconditions,and the length parameters are nondimen-
sionalized with respect to the particle velocity equilibrium length,
de� ned as ¸¤

1 D ½¤
md¤2

m u¤
1=18¹¤

1. The two sets of Eqs. (1) and (2)
are coupled through the momentum interchange force and the heat
transfer. If the drag coef� cient for the particles is assumed to be of
the Stokes form,18 Cd D 24=Rer , then the drag forces in the nondi-
mensional form are given by

Fpx D ¹½p.u p ¡ u/=¿v (3a)

Fpy D ¹½p.vp ¡ v/=¿v (3b)

where
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The heat-transfer coef� cient between the gas and particles is given
by
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where the Nusselt-number correlation used is of the form19 Nu D
2 C 0:6Pr.1=3/Re.1=2/
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The nondimensional thermal and caloric equation of state for the
gas phase can be expressed as

p D ½ NRT (5)

where NR D .1=° M 2
1/ is the speci� c gas constant.

In thepresentanalysis it is assumed that the viscosity-temperature
relation for gas phase is based on Sutherlands law given by

¹ D T
3
2 [.1 C S/=.T C S/] (6)

The problem contains nine unknowns u, u p , v, vp , p, ½ , ½p , T , and
Tp governed by the preceding set of eight equations along with the
equation of state for the gas phase, which will close the problem.

Numerical Algorithm and Validation
Even though the system of equations is written in the elaborate

form, the sensitiveproblemof the choice of the numericalmethod is
still to be addressed.As mentionedbefore, the � nite volumemethod
is applied to solve the gas-particle � ow problems, which allows
accurate treatment of the discontinuitybetween the one-phase � ow
and the two-phase � ow because of the computation of � uxes at
the cell boundariesvia the resolutionof the Riemann problem. The
numerical treatments for the gas and particle phases are given in the
following descriptions.

Gas Phase
The inviscid terms of the gas phase are treated using Roe’s � ux

differencescheme.20 In this scheme the interfaceat which the � uxes
are to be evaluated is considered as a discontinuity with a left state
U ¡

l and a right state U C
l . The details of the derivation of � uxes are
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not presented here for the sake of brevity. The � nal form of the � ux
formulas is given by

.FN /l D 1

2
F U ¡

l C F U C
l ¡

4

k D 1

Oa.k/ 1V .k/ R.k/

i

(7)

where Oa.1/ D Ou? ¡ Oc; Oa.2/ D Ou?; Oa.3/ D Ou?; and Oa.4/ D Ou? C Oc are the
eigenvalues of the Roe’s-averaged matrix. The right eigenvectors
corresponding to the eigenvalues of the Roe’s-averaged matrix are
given by
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The characteristicvariables are given as
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The symbol O representsthe averagedquantity and is de� ned as in

Ref. 20. Viscous terms are treated using auxiliary cell approach.21

The temporal descritizationfor the gas phase is carried out in Euler-
implicit form. Line-Jacobi relaxation algorithm has been applied to
the resulting set of equations.

Particle Phase
The Steger and Warming � ux-vector-splittingtechnique22 is used

to determine the inviscid � uxes of the particle phase as there is only
one eigenvalue in the convective � ux. In this technique the � ux
vector is split into positivepart Upl, and negativepart Upr by making
use of similarity transformations and the homogeneity property of
the Euler equations.The � ux at the cell interfaceis determinedusing
the relationship

.FpN /l D Fp U C
p l
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p r

D F C
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in which u p? is the correspondingeigenvalue for the particle phase
equations.

Thus, the numerical procedure for solving the particle-phase
equations is described, and what remains is to implement the cou-
pling between the two systems (gas and particles). The homoge-
nous solutions of both systems being known, the solutions to the
nonhomogenoussystem are obtainedby integratingin time over the
interaction terms. The temporal discretizationfor the particle phase
is carried out in Euler-explicit form.

Boundary Conditions
The treatment of boundary conditions for dusty-gas � ow is more

subtle than in pure gasdynamics; in fact, it is, currently, still an open
question.The boundaryconditionsfor the gas phase are well known
and do not pose any particular dif� culties, as at each point with the
� ow� eld and also on the boundaries an exact Riemann problem is
solved. However, there is some experimental evidence that the par-
ticles experience some slip at the wall. Because the particle phase

can resemble a rare� ed gas, a boundary condition borrowed from
rare� ed-gasdynamicsis utilizedhere. In reality the tangentialveloc-
ity of the particle phase at the wall is controlled by many physical
effects such as sliding friction, the nature of particle/surface col-
lision, etc. It is not possible to model such effects with precision
at present. Hence the physics of the present problem suggest the
following boundary conditions for a � at plate.

At the wall of the � at plate:

u.x; 0/ D 0; v.x; 0/ D 0; T .x; 0/ D Tw

vp.x; 0/ D 0; u p.x; 0/ D 1 ¡ ¹w x

The tangential velocity distribution considered here for particle
phase is taken from Ref. 13.

At the outer edge of the boundary layer:

u.x; 1/ D 1; T .x; 1/ D 1; u p.x; 1/ D 1

Tp.x; 1/ D 1; ½p.x; 1/ D ¯

where ¯ is the mass loading ratio of the particles. For the � at-plate
problem it is assumed that the particle phase is in equilibrium with
the gas phase in the externalfreestream,because there is no pressure
gradient.

Results and Discussion
The N-S code is validated against the boundary-layer theory re-

sults by regenerating the dusty gas � ow� eld pro� les. The � nite dif-
ference solutionsobtained from Ref. 13 are in the three � ow regions
known as the quasi-frozen � ow region near the leading edge, the
nonequilibrium� ow region, and the quasi-equilibrium� ow region
far downstream, as shown in Fig. 1. The velocity and temperature
� ow pro� les in these regionsare comparedwith the presentwork for
the same conditions as given in Ref. 13. The � at-plate wall temper-
ature Tw is � xed at 0.5, and the results are compared for M1 D 1:5,
Re1 D 104; and for particle size of 10 ¹m with the mass loading
ratio ¯ D 1. The solutions from the present analysis are found to be
in good agreement with the boundary-layersolutions.The velocity
and temperature pro� les for the two phases in the boundary layer
at x D 0:109 and 2.09 are plotted in Figs. 2a–3b, which show that
there is a very large slip between the particle and gas phases in the
near-leading-edgeregionand hence the � ow is quasi-frozen.The re-
sults in the nonequilibriumregion indicate that the slip between the
particles and the gas diminishes gradually as x increases.However,
in this transition region the particles still have moderate slip against
the gas, and then the two-phase � ow is characterized by nonequi-
librium. Finally, the � ow pro� les in the small slip indicate that the
quasi-equilibriumstate between the particle and the gas has already
been reached. The curves presented in these � gures indicate an ex-
cellent agreementbetween the present solutionsand thosepredicted
using boundary-layer theory.

A grid-re� nement study was made to determine the accuracy of
the N-S code along the lines of Blottner.23 The details of the grid-
re� nement study are given in Table 1. Here the grid types G1–G4

Fig. 1 Schematic representation of three distinct regions of dusty-gas
� ow over a � at plate: large slip region I, moderate slip region II, and
small slip region III.
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Table 1 Grid re� nement in y direction; i max = 32, M 1 = 6,
and Re 1 = 106

xGrid Error
type j max 0.0000 0.2500 1.0000 1.50000 in

G1 22 ¡5.066 ¡0.0487 0.0033 0.0098 Pw

G2 44 0.0355 ¡0.0162 ¡0.1913 ¡0.1951
G3 88 0.1865 0.0065 0.0000 0.0000
G4 176 0.1565 ¡0.0162 ¡0.0032 0.0000
G1 22 ¡8.2373 ¡3.0388 ¡0.0986 ¡0.2152 C f
G2 44 ¡5.8098 ¡2.2916 ¡0.3331 ¡0.2985
G3 88 ¡3.9819 ¡1.5945 ¡0.1940 ¡0.1568
G4 176 ¡2.5280 ¡0.8914 ¡0.0875 ¡0.3078
G1 22 ¡18.0451 ¡9.1133 ¡4.4856 ¡3.4867 qw

G2 44 ¡13.1095 ¡5.7008 ¡2.4630 ¡1.8991
G3 88 ¡8.9546 ¡3.4926 ¡1.2718 ¡0.9599
G4 176 ¡5.7529 ¡1.9288 ¡0.6643 ¡0.7631

a)

b)

Fig. 2 Comparison of a) gas-phase and b) particle-phase velocity pro-
� les obtained from the present numerical analysis with the boundary-
layer theory results for M1 = 1 5 and Re 1 = 104 at two different regions
of the � at plate.

use constant grid spacing in x direction and variablegrid spacing in
y direction. In the process of re� nement, the number of cells in the
y direction are doubled. The solutions for j max varying from 22
to 176 with i max value of 32 were obtained for re� nement study
in y direction, where i max is the number of cells along the � at
plate from the leading edge to the trailing edge and j max is the
number of cells normal to the surface. It was found that the error
in various quantities such as skin-frictioncoef� cient, wall pressure,
and heat-transfer rate was less than 5% in the next to the � nest grid
G4 except in the regions close to the leading edge. Based on this
study, we have used 32 cells along the surface and 88 cells normal
to the surface of the plate.24

The numerical results for the dusty gas hypersonic � ow over a
� at plate are computed for M1 D 6, Re1 D 106 , and mass loading

a)

b)

Fig. 3 Comparison of a) gas-phase and b) particle-phase tempera-
ture pro� les obtained from the present numerical analysis with the
boundary-layer theory results for M 1 = 1 5 and Re 1 = 104 at two dif-
ferent regions of the � at plate.

ratio ¯ D 1. The particles considered are glass spheres of uniform
diameter of 10 ¹m with constant material density. The studies are
done for isothermal wall condition. In all of the � gures presented
here, x is the nondimensional distance measured from the leading
edge of the � at plate.

The � ow pro� les of tangential velocity u, normal velocity com-
ponent v, and temperature T for both the phases are computed at
different distances from the leading edge. From these results it is
shown that the boundary-layer� ow properties of the dusty gas have
different characteristicsin the threedistinct regionsshown schemat-
ically in Fig. 1. Each of these three � ow regimes presents its own
peculiar problems as far as the computationsare concerned.There-
fore, great care must be taken in order to obtain a stable and con-
vergent � nite volume solution. In the large-slip region the particles
have a little deviationfrom their freestreamuniformmotion, and the
differences in the � ow quantities of the two phases are quite large.
This is observed in the velocity and temperaturepro� les at x D 0:07
station presented in Figs. 4a and 5a. While slipping through the
gas downstream, interaction between the two phases increases the
gas velocity and temperaturebut decreases the particle velocity and
temperature as well. Thus, in the transition region, the differences
in the � ow properties of the two phases are signi� cantly reduced.
Of course, the particles and the gas are still in nonequilibrium. In
this region the velocity slip and temperature defect are moderate
compared with those in the other two limiting regions. This can be
observed in Figs. 4b and 5b at x D 0:4 station. The velocity and
temperature pro� les in the small-slip region are shown at x D 2:3 in
Figs. 4c and 5c, respectively. In this region the � ow pro� les for the
particle phase become almost identicalwith those for the gas phase,
that is, two phases approach near equilibriumand the slip quantities
are very small. Thus, the particles have enough time to alter their
state appreciably and achieve quasi-equilibriumwith the gas.

The three important characteristicquantities of interest in dusty-
gas � ow analyses are the variation of skin-friction coef� cient
along the wall C f , variation of wall heat-transfer rate Pqw; and the
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a)

b)

c)

Fig. 4 Velocity pro� les of the gas phase and particle phase in the a)
large slip region, b) moderate slip region, and c) small slip region within
the boundary layer for M 1 = 6 and Re 1 = 106 .

boundary-layerthickness ±. As usual, they are determined from the
� ow pro� les of the gas phase. It is observed that the presence of
particles in the gas � ow over the � at plate enhances the skin fric-
tion and heat transfer at the wall of the plate. This tendency can
be seen in Figs. 6 and 7, where the skin friction and heat-transfer
rate are shown as functions of nondimensional distance from the
leading edge for the cases with and without particles.Physically the
changes in the � ow characteristics caused by the particles can be
explainedas follows. In presenceof particles, the gas gains some ki-
netic and thermal energy from the particles through the interaction,
and the gas velocity and temperature increase above the pure-gas
case.Consequently,thegradientsof thegasvelocityand temperature
with respect to the normal coordinate at the wall for dusty-gas � ow
becomegreater than those without particles.These changes result in
an increase in the skin friction and heat transfer at the wall because
they are proportional to those gradients. It is found that the curves
for the skin friction and the heat-transfer rate are nearly identical
except in the nonequilibriumregion. In these � gures it is interesting
to note that along every curve for the characteristicquantities there
is a in� ectionpoint that correspondsto the criticalpoint.This means

a)

b)

c)

Fig. 5 Temperature pro� les of the gas phase and particle phase in the
a) large slip region, b) moderate slip region, and c) small slip region
within the boundary layer for M1 = 6 and Re 1 = 106 .

Fig. 6 Variation of the skin-friction coef� cient along the � at plate in a
pure- and dusty-gas hypersonic � ow with M 1 = 6 and Re 1 = 106 .
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Fig. 7 Variation of the heat-transfer coef� cient along the � at plate in
a pure- and dusty-gas hypersonic � ow with M 1 = 6 and Re 1 = 106 .

Fig. 8 Variation of the product Cf
p

Rex along the � at plate in a pure-
and dusty-gas hypersonic � ow with M1 = 6 and Re1 = 106 .

that for a boundary-layer � ow for a gas particle mixture some sig-
ni� cant changes in the � ow properties occur at the critical point. In
fact, as mentioned before, the two-phase system accomplishes the
transition from the nonequilibriumto equilibrium � ow.

The skin-friction coef� cient in the form C f
p

Rex along the � at
plate for both the pure-gas and dusty-gas � ow is shown in Fig. 8.
When there are no particles in the gas, C f

p
Rex should remain con-

stant along the � at plate. Except near the leading edge, the C f
p

Rex

remains constant for the given Mach number and Reynolds number.
The slight increase in the C f

p
Rex values noticed at the leading

edge is attributed to the “leading-edge error,” which is bound to
occur in any numerical solution. This is because in getting the nu-
merical solution the equations are not solved for C f

p
Rex directly,

but C f is constructed using the velocity values, and then C f
p

Rex

is calculated. It is not possible to expect in� nite values of C f at the
leading edge becauseof the � nite grid spacings.Hence, C f

p
Rex at

the leading edge has an in built error in the numerical solution and
this error persists for some distance downstream. This distance can
be greatly reduced if extremely � ne grid spacings are chosen in x
direction. The skin friction increases at all of the locations of the
plate in the presence of particles compared to the pure-gas case. It
is observed from the graph that the C f

p
Rex values in the region

between x D 1:5 and 2.5 almost double for the dusty-gas case. The
variation of skin friction and heat transfer along the � at plate for
Re1 D 106 , 5 £ 106, and 107 with M1 D 6 are plotted in Figs. 9
and 10. It is observed that the skin friction and the heat transfer
decreasesat all of the locations of the plate as the Reynolds number
increases.

In Figs. 11 and 12 the parallel component of the velocity u and
temperature T are plotted against the distance normal to the sur-
face for both pure gas and dusty gas. The plots are presented at
x D 1:2 station.The boundary-layerportionsare zoomedand shown
here. We have already seen that the skin friction and heat-transfer
rate at the wall increase owing to the presence of particles. Now,

Fig. 9 Variation of the skin-friction coef� cient along the � at plate in a
dusty-gas hypersonic � ow with different freestream Reynolds numbers
and M 1 = 6.

Fig.10 Variationof the heat-transfer coef� cient alongthe � atplate in a
dusty-gas hypersonic � ow with different freestream Reynolds numbers
and M 1 = 6.

Fig. 11 Velocity pro� les of the gas phase within the boundary layer at
x = 1 2 on a � at plate for M1 = 6, Re 1 = 106 and Tw = 2.

owing to the interaction between the particles and the gas in the
two-phase � ow within the boundary layer, the tangential velocity
and temperature of the gas phase increase except at the wall and
at the outer edge. This is the result of choosing the same boundary
conditionsas chosenfor the pure-gascase. Compared with the pure-
gas boundary layer, the velocity and temperaturepro� les within the
dusty-gas boundary layer have a steeper gradient at the wall and a
more even gradient near the outer edge. It is observed from Fig. 13
that the boundary-layer thickness for the dusty gas is thinner than
the pure-gas boundary layer because the velocity and temperatures
approach their freestream values much earlier because of the en-
hancement of skin friction and heat transfer along the length of the
plate. The dusty gas boundary-layergrowth for various freestream
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Fig. 12 Temperature pro� les of the gas phase within the boundary
layer at x = 1 2 on a � at plate for M1 = 6, Re 1 = 106 , and Tw = 2.

Fig. 13 Growth of the velocity boundary layer along the � at plate in a
hypersonic � ow with M 1 = 6 and Re 1 = 106 .

Fig. 14 Growth of the velocity boundary layer along the � at plate in
a dusty-gas hypersonic � ow with different freestream Mach numbers
and Re 1 = 106.

Fig. 15 Growth of the velocity boundary layer along the � at plate in a
dusty-gas hypersonic � ow with different freestream Reynolds numbers
and M 1 = 6.

Mach numbers and Reynolds numbers are presented in Figs.14 and
15. It is observed that the boundary layer grows thicker as the Mach
number increases and thinner as the Reynolds number increases.
Based on the velocity pro� les, boundary-layer thickness was esti-
mated, and it is found that ± is proportional to M1:3

1 . The estimate
also indicatedthat± is inverselyproportionalto

p
Re1 in conformity

with the boundary-layer theory.

Conclusions
Detailed results of the analysis of the effects of the particles on

the � ow� eld parameters in hypersonic� ows are presentedhere.The
modi� cation in the � ow propertiesowing to the presenceof particles

includes an alteration of the � ow pro� les, an increase in the skin
friction and heat transferat the wall, and a decreasein the boundary-
layer thickness.The analysis shows that the structureof the velocity
and temperaturepro� les are signi� cantlyalteredbecauseof thepres-
ence of particles for the freestream condition considered here. It is
shown that the boundary-layerthickness is proportionalto M1:3

/ and
1=

p
Re/. The skin friction, wall heat transfer, and boundary-layer

thickness for the dusty-gas � ow increase as the freestream Mach
number increases, whereas these characteristic � ow quantities de-
crease as the Reynolds number decreases.
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